1. Introduction. Let Dbea bounded domain in the plane whose boundary consists of n + 1 nonintersecting, analytic, Jordan curves. Let C be the space of continuous complex functions on dD and let A be the subspace of C consisting of those functions with continuous extensions to D which are analytic in D. Let m be harmonic measure on dD for some point in D and let
For <j> in L™(m) the Toeplitz operator T<t> on H 2 is defined by T<t>(f) = P($/) for ƒ in H 2 . This paper deals with the Fredholm theory and with invertibility criteria for these operators.
On the Fredholm level, these Toeplitz operators are similar to the usual Toeplitz operators on the disk (cf. [3] ). For instance, if <j> is in C, then the essential spectrum of 7^ is the range of $ (Theorem 3). However, the spectrum itself may be considerably different: in this setting there are self ad joint Toeplitz operators with eigenvalues and disconnected spectrum.
This note is primarily a statement of results and discussion. Complete proofs will appear elsewhere. The results are from my dissertation written under the direction of R. G. Douglas. If A is the map from B to 3j?/(3£ defined by A(0) = 2^0 +Cs then A is surjective, contractive, linear, and multiplicative. If A were, in addition, isometric, then A would be an isomorphism between B and 3B/QB and properties of the operators T^ could be verified by considering the functions (j> and the ideal ©#. The purpose of this section is to establish a condition on B which makes A isometric.
The algebra
Set RB = Br\H°° and let SB be the semigroup of functions \p in RB such that \{/~l is in B. If we set QB = {^/V^G-^JS, \pGS B } then QB is a subalgebra of B. Theorem S has two interesting corollaries. The first is a consequence of a recent result due to Douglas and Sarason which says that for a Toeplitz operator on the disk, the property of being Fredholm is a local property [7] . This says that if <t> "looks Fredholm" in a neighborhood of each point on the circle, then T^ is Fredholm. Theorem 5 extends this result to multiply connected regions. Furthermore, it shows that the local property involved is the same.
The second corollary stems from Widom's proof that the spectrum of a Toeplitz operator on the disk is connected [13] . With minor modifications [5, Chapter 6] this proof shows that the essential spectrum is also connected. From Theorem 5 we may conclude that the essential spectrum of a Toeplitz operator on an w-holed region has at most n +1 components. This provides an example asked for in [6] of a generalized Toeplitz operator with disconnected spectrum. The example shows that the nature of the spectrum of a Toeplitz operator is considerably different when the domain D is not simply connected. Two reasons for this are suggested below.
A lemma due to Coburn [2 ] says that a nonzero Toeplitz operator on the disk has trivial kernel or trivial cokernel. Thus, the spectrum is obtained from the essential spectrum by filling in the components of the essential resolvent which have nonzero index. The lemma is proved in the following way. If T^f) = 0 and T*(g) = 0 then <j>fg is in N, the Z^-annihilator of A +A. In the disk, dim Af = 0 and the lemma follows from the F. and M. Reisz Theorem. In an w-holed region dim N -n. Thus, it is possible to have a Fredholm Toeplitz operator on a multiply connected region with zero index which is not invertible.
A second difference between the disk and the multiply connected case is the appearance of important spaces of multiple-valued functions. For each character a on the first homology group G of D, there is associated a Hubert space H\. Elements of H\ may be thought of as functions on the disk which are modulus automorphic [ll] or they may be thought of as certain functions on DXG [9] . For each <j> in L°°(m) and each character a there is a Toeplitz operator T% on H%. In some cases, the proper generalization of a theorem about a Toeplitz operator T^ on the disk is a theorem about the entire bundle of operators {T%}. For instance, for a unimodular function <t> on the unit circle, T^ is left invertible if and only if the distance from <f> to if 00 is less than 1 [12] . In a more general region we have 
